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Tóm TẮt – Chúng tôi định nghĩa độ rủi ro của một tổng lượng chứng khoán là xác suất sẽ có một tỷ số lợi nhuận rút cục kém hơn là mong đợi. Từ định nghĩa đó chúng tôi trình bày những trình tự kết cấu tổng lượng tối ưu cho một người đầu tư cá nhân và cho một người quản lý tích sản.

Abstract – The risk of a portfolio is hereby defined as the probalitity of in fine being rewarded with a return lower than expected. Taking this definition as starting point, we present procedures to compose an optimal portfolio for an individual investor or for an assets manager.

-----*-----
The present work once again raises the question of the risk of a portfolio and of the consequences of the defininition of risk in an assets management policy.

Theoricians of market finance, individual investors and assets managers will be concerned by the work.
It only applies to portfolios with large capitalization managed by passive methods. Actually, it calls upon concepts of probability and statistics which are unworkable for small portfolios. It therefore implies that the basis of the problem will remain valid at least for a while in the future. Moreover, it implicitly assumes the hypothesis by which returns are distributed randomly and according to a unique distribution law.

Our predecessors have defined the risk of a portfolio and then developped theories of market finance. We define the risk in a different way. Hence, we had to review all their theories and, thus, develop our own theory up to its practical application: composing a portfolio for an individual investor and for an assets manager.
1.
Definitions of risk
1.1 Our predecessors' definition
Our predecessors have defined the risk of an assets as being the hazard of the return and they measure this hazard by the variance of its statistical distribution of this assets (e.g. Markowitz [1990], Sharpe [1970] and Jacquillat and Solnik [1990]). Hence, a portfolio is characterized by the couple [mean ; variance] of its return statistical distribution.
According to this definition, a portfolio can be set up when its return has a mean and a variance. An efficient portfolio is the one cumulating those two following conditions:
· there is no other portfolio with same return mean but with a lower variance,

· and there is no other portfolio with the same return variance but with a larger mean.

A portfolio risk may be represented by a dot on a graph which abscissa represents variances of the return and ordinate the means of the return (cf. figure 1). The set of dots representing all efficient portfolio s forms a curve called the efficient frontier expressed by a function F(2) called efficiency function. This frontier defines an area called the feasible area made of the efficient frontier and the area located underneath.
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Figure 1 – Risk of a portfolio
With this definition of the risk, the broker has two possibilities:
· either he fixes his aversion to risk, measured by return variance, and he must let the market define his efficient portfolio with corresponding return mean,

· or, on the contrary, he chooses an efficient portfolio with a return mean and he must let the market fix the return variance, which is the risk he must accept.
1.2 Our definition
In the present work, we make ours our predecessors' definitions save for the one by referencing to the risk. We define risk as the probalitity an assets that in fine will not get the expected return (Dang Dinh Cung [1994 and 1996]).
As our predecessors, we also define the optimal portfolio as an efficicent portfolio with a mean and a variance for the return.
To represent our definition of the risk, we define the minimum return R0 by equation
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	where

	=
	standard deviation of the portfolio return (i.e. square root of the return variance ²) 

	
	=
	return mean of the portfolio

	t
	=
	constant without dimension (called Fisher's coefficient for normal distribution)


The constant t is the measuring unit of the portfolio risk level. If t is large, then the risk is low and, on the contrary, if t is small then the risk is high. Constant t is large or small depending on the broker's aversion to risk. With our predecessors' definition of the risk, a broker must choose between risk or return and cannot choose both. With our definition, he may choose a minimum return and a risk level. His problem is wether, in the stock exchange, there will be a portfolio complying with those two requisites.
We can represent the minimum return of an efficient portfolio on our predecessors' graph. The dot representing it has its return variance as abscissa and the value of the minimum return as ordinate The dot representing the efficient portfolio has its return variance as abscissa and its return mean as ordinate. On figure 2 we assume that return is distributed following a normal dsitribution law. But this assumption is not compulsory in our work.

According to function F(2) representing the efficient frontier, we can define the function representing the minimum returns of the market by
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that we call function of the return lower limit. We can also represent this function on the same graph as the one representing the function of the efficient frontier. This curve is called the lower limit of the return curve (cf. figure 3).
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Figure 2 – Efficient portfolio and minimum return
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Figure 3 – Efficient frontier and curve representing minimum return
2.
Optimal portfolio composition
The method for composing an optimal portfolio is based on the search of an efficient portfolio corresponding to the risk accepted by the broker and which maximizes the in fine minimum return.
We assume that a broker will set for himself a minimum return R0 and a maximum probalitity , represented by constant t, the portfolio return will be in fine less than R0. 
We also separate the individual investor from the assets manager. 

The individual investor is someone with assets to be put in a portfolio during a certain time. He is looking for an efficient portfolio meeting the couple [R0 ; t]. Of course, he will be happier if he finds a portfolio with return higher than what he expected. 

The assets manager manages other persons' assets during a certain time. He is looking for an efficient portfolio meeting the couple [R0 ; t] too. He will be happier too if he finds a portfolio with lower risk.
2.1
The optimal portfolio of the individual investor
The individual investor's issue is to solve equation
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Three possibilities may be found.
(a) R0 higher than G(2) for every 2(cf. figure 4). The issue is without solution. The investor is demanding either a too high return and a too low risk level compared with the possibilities of the market.

(b) R0 lower than G(2) for every 2(cf. figure 5). Optimal portfolio is the efficient portfolio with variance 2 corresponding to the maximum of the function G(2). The investor may expect a higher return and /or he may gamble more.

(c) This equation has at least one root (see figures 6, 7 and 8). Optimal portfolio is the efficient portfolio with variance 2 corresponding to the maxtimum of the function G(2). If this equation has one single root and if this root does not correspond to the maximum of G(2), the investor may expect a higher return and /or he may gamble more.
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Figure 4 ‑ Composition of an individual investor's optimal portfolio 
R0 higher than G(2) for every 2
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Figure 5 ‑ Composition of an individual investor's optimal portfolio 
R0 lower than G(2) for every 2
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Figure 6 ‑ Composition of an individual investor's optimal portfolio 
The root does not correspond to the maximum of G(2)
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Figure 7 ‑ Composition of an individual investor's optimal portfolio
The root does not correspond to the maximum of G(2)
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Figure 8 ‑ Composition of an individual investor's optimal portfolio 
The root corresponds to the maximum of G(2)
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Figure 9 ‑ Composition of an individual investor's optimal portfolio
Two roots
2.2
The assets manager's optimal portfolio
The assets manager's issue is to find a variance  so that function
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is maximum. Optimal portfolio is the efficient portfolio which has a return variance 2 corresponding to the maximum of the function G(2) (cf. figure 10).
The assets manager can always select an acceptable portfolio. The issue is only to find an efficient portfolio with a minimum return at least equal to what he promises his customers or that his competitors promise their own customers.
Function F(2) is limited by two variances Min2 and Max2 corresponding to the maximum and the minimum return variance of efficient portfolios present in the stock market. Hence, function G(2) is also limited by the two variances Min2 and Max2 (cf. figure 11). This point leads us to two remarks:
(a) When the assets manager reduces his aversion to risk, he can promise his customers a higher return with an efficient portfolio having a higher variance. But at some level of boldness, the efficient portfolio will have a variance equal to Max2 and there will be no better protfolio if he goes on gambling.

(b) When the assets manager increases his aversion to risk, he will promise his customers a lower return with an efficient portfolio having a lower variance. But, at some level of caution, the efficient portfolio will have a variance equal to Min2 and there will be no portfolio less risky if he goes on being more reckless.

From this, we can infer a lieu commun: an assets manager should have an aversion to risk limited between a minimum and a maximum.
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Figure 10 – Composition of an assets manager's optimal portfolio
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Figure 11
Limit risk the assets manager can accept
However,

· with t small enough, that is above a certain accepted risk level, the optimal portfolio will always be the efficient portfolio with a return variance equal to the maximum variance Max2 of the stock market (cf. curve (a) of figure 11),

· with t large enough, that is under a certain accepted risk level, the optimal portfolio will always be the efficient portfolio with a return variance equal to the minimum variance Min2 of the stock market (cf. curve (b) of figure 11).

3.
Algorithm for calculating an optimal portfolio
3.1
General principles
From what is written above, we admit:
· the optimal portfolio is the efficient portfolio the broker can accept, that is the maximum of function G(²) must be equal to or higher than the value of his minimum acceptable return R0,
· the function G²) is deducted from the function of the efficient frontier F(²).
Therefore, to calculate an optimal portfolio, we must iterate in the reverse way:
(a) Draw the efficient frontier, that is define function F(²) and the composition of an efficient portfolio corresponding to each ² value. Markowitz [1990] suggested an algorithm to compute the efficient frontier. This algorithm is based on solving the quadratic program for each value of return R:
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where
	S
	=
	correlation matrix of returns

	U
	=
	vectors of limits of the constrains applying to the managing function; we distinguish USup which is the upper limit and UInf which is the lower limit of constrains

	W
	=
	vector of the portfolio composition


(b) Define function G²) from function F²).

(c) Find the value ² of the return variance of the efficient portfolio corresponding to the maximum of function G²).
The assets manager's optimum portfolio is not the individual investor's one. But, in both cases, to avoid defining the whole efficient frontier, we take advantage of the fact that
· the algorithm of lower limit of the return curve starts with the highest value of ² and iterate to decreasing values of ²,

· during this algorithm sequence, function F(²) decreases, 
· and function G(²) increases, reaches or surpasses R0, goes on increasing, reaches or surpasses a maximum then decreases,
to stop the iteration when function G(²) reaches or surpasses a maximum (cf. figure 12).
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Figure 12 – Direction of the optimal portfolio search iteration
3.2
Two-phase procedure
Generally stock exchange brokers work on their experience and implement a two-phase procedure. This procedure starts by sharing out the assets among economic sectors before composing the optimal portfolio inside each of these sectors considerated seaparately.

During the phase of sharing out among economic sectors, each sector is considered as if it is an equity the return of which is the weighed return of all the equities of this sector.
During the phase of selecting equities in an economic sector, each sector is considered as a stock market. The final portfolio is the set of equities with their weighting calculated by this way.

Naturally a portfolio composed by means of this procedure is not the optimum optimorum but this two-phase method dramatically reduces the number of calculations.
Actually, the algorithm for computing the lower limit of the return curve needs to inverse a correlation matrix at each iteration. If the number of equities is too high the number of iterations will be important and the inversion of the matrix will become rapidly tiresome.

For instance, an market having n sectors totally independent from each other. If we calculate by the two-phase procedure we have to iterate (n + 1) times the above described procedure: once for sharing out the assets among n sectors and n times to compose the optimum portfolio inside each of those n sectors. By using this method, there are one quadratic program with n variables and n programs each with a number of variables lower than more or less 1/n times. With 5.000 equities spread out into two dozens of sectors, this method reduces the number of operations by ten millions!
This method assumes that the economic sectors are totally independent from each other, which means that correlation between equities of two different sectors is negligible. In other words, we can replace a giant correlation matrix with the majority of its elements having absolute values very small or equal to zero by some smaller matrixes with the majority of their elements having important absolute values (cf. figure 13). Practically speaking, this approximation is realistic because the correlation between two equities of a same sector is always far higher than correlation between these of two different sectors.

[image: image19.wmf]
Figure 13 ‑ Correlation matrix of a stock market with three sectors
4.
Porfolio management refering to an indicator
Until now, an individual investor or an assets manager would find a place of investment with a return at least equal to an acceptable minimum R0. But, with the large variations of the stock market which have been observed for two recent decades, downward as well as upward, they try to get a return which is higher than or, at least, equal to an indicator. This indicator may be the consumer index, a stock exchange index or any index representing the market variations. This indicator may also be the index of some financial assets or real estate assets which can be a reference for the return of the portfolio.

This managing method, also called method of managing refering to an index, allows the assets manager to boast something like: "Our company guarantees you a return at least equal to that of VN-Index" or "Your assets is indexed to VN-Index plus x percent".

To model the probalitity of the assets manager in fine keeping his promises, we define the concept of "return gap" Dt. This gap is the difference between the return Rt of an assets during an elementary time interval t and the relative variation of an indicator, in other words, the return It of the indicator, during the same time interval. This gap is represented by the formula
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When replacing the absolute return by the return gap in the Markowitz's model and in ours, our predecessors' results and our previous one's by referencing to theory of market finance remain valid. The above decribed algorithm of the optimal portfolio calculation may also be implemented.

The algorithm of the lower limit of the return curve may be analogous to Markowitz's algorithm and, for each value of the return gap D, based on the following quadratic program:
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However,
(a) if the portfolio is already managed refering to absolute return and correlation matrix S and vector R of absolute returns are already calculated we have to calculate again another correlation matrix Z and another vector D with the same sizes for the return gaps,

(b) and, if the portfolio is already managed refering to an indicator and correlation matrix Z and vector D of return gaps are already calculated we have to calculate again another correlation matrix S and another vector M with the same sizes for the absolute returns.

When factorizing the formulaes of mean and variance of the portfolio return gap, the issue proves to be simplier (cf. Dang Dinh Cung [1996]).

The mathematical expectation E(D) and the variance 
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 of the portfolio return gap may be factorized as following:
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By writing
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mathematical expectation and variance may be written as
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The matrix Z may be written as
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and the quadratic program for calculating the lower limit of the return curve may be written as
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with constrains
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It is as if we have a Markowitz's model with a stock exchange with (N + 1) equities and (M + 1) constrains managed with "return" of the market indicator as being the (N+1)th equity, the weight of the market indicator in the "portfolio" is the (M+1)th constrain and this weight must be equal to ‑1.

Hence, we can follow Markowitz's algorithm for calculating the lower limit of the return curve and extend this algorithm to the search of the optimal portfolio. We can calculate either as when we manage by referencing to absolute returns or return gaps without calculating again the whole correlation matrix and the whole return vector.

5.
Comparing the results of an individual investor and of an assets manager
We may separate two different cases.

(a) The two brokers have the same aversion to risk.

This means the two brokers have the same coefficient t. This situation can only be observed when the minimum return that the individual investor can accept is lower than the assets manager's return limit. The two brokers have the same return lower limit function. In figure 14, we see that the mean return of the individual investor's optimal portfolio is higher than or, at least, equal to the assets manager's return. 
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Figure 14 – The individual investor and the assets manager
have the same aversion to risk

(b) The assets manager promises to his customers a return equal to the minimum return the individual investor can accept.

This means the two brokers have the same minimum return. This situation can only be observed when the risk leads to an individual investor's in fine return is lower than the one the assets manager promises his customers. In figure 15, we see that the mean return of the individual investor's optimal portfolio is again higher than or, at least, equal to the assets manager's return.
From what is seen above, we can conclude that the individual investor's portfolio has a return in fine higher than or, at least, equal to the assets manager's one. This may contribute to explain why, although the two brokers have the same managing capacity, the assets manager generally has lower results than the individual investor.

The difference stated here seems to be the consequence of calculations and banal. In fact, this phenomenae is due to psychologic differences in the two brokers: different objectives and, consequently, different portfolios and different results.

[image: image34.emf]R

0



Inv

F

(



2

)



Man

Mean

of

the

return

Variance of the return

return

R

0

R

0



Inv



Inv

F

(



2

)



Man

Mean

of

the

return

Variance of the return

return

Mean

of

the

return

Mean

of

the

return

Variance of the return Variance of the return

return return


Figure 15 – the individual investor and the assets manager
accept a same minimum return
6.
Conclusion
In this work, we demonstrated four platitudes:
· individual investor's minimum return demand combined with his aversion to risk must correspond to the possibilities of the market,

· above a certain risk level, the assets manager's optimal portfolio will not change; consequently the mean return will not rise even if he ventures more,

· under a certain risk level, the assets manager's optimal portfolio will not change; consequently, he must accept a minimum risk and promise his customers a return corresponding to the characteristics of the market,
· when they accept the same risk level, individual investor's optimal portfolio has an in fine return higher than the assets manager's one.

We also have remarkable theoretical and pratical results:
· the two-phase procedure, privileged by market professionals, reduces the number of calculations during the search of the optimal portfolio,
· the management of a portfolio refering to an indicator may be linked to theory of portfolio management by refering to absolute returns.
From the last two results, the algorithm of optimal portfolio we devised becomes a tool helping an equities broker when he composes an optimal portfolio that he manages with passive methods.
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